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A model of matter-coupled gravity in two dimensions is quantized. The crucial requirement for 
performing the quantization is the vanishing of the conformal anomaly, which is achieved by tuning 
a parameter in the interaction potential. The spectrum of the theory is determined by mapping 
the model first onto a field theory with a Liouville interaction, then onto a linear dilaton conformal 
field theory. In absence of matter fields a pure gauge theory with massless ground state is found; 
otherwise it is possible to minimally couple up to 11 matter scalar fields: in this case the ground 
state is tachyonic and the matter sector decouples, like the transverse oscillators in the critical 
bosonic string. 



I. INTRODUCTION 

In recent years many controversial features of the semi- 
classical and quantum theory of gravity have been stud- 
ied using models in two spacetime dimensions. Two- 
dimensional (2D) theories of gravity not only are useful 
toy models but in some cases also have a direct physical 
meaning, since they may be obtained from dimensional 
reduction of higher dimensional gravity theories. 

Basically, one can approach 2D gravity from two differ- 
ent points of view: as the theory of 2D random surfaces 
(a bosonic string theory in non-critical dimensions) [[l], ||] 
or as a Einstein-like, Brans-Dicke theory of gravity (2D 
dilaton gravity) [§, [§. 

One crucial feature of 2D dilaton gravity is that it al- 
lows for interesting gravitational structures already at the 
classical level. The theory admits black hole solutions, 
which have been investigated both at the classical and 
semiclassical level f| . Big progress in this direction has 
been achieved using the Anti-de Sitter(AdS) /Conformal 
field theory (CFT) correspondence in two-dimensions 
H @i H] • The use of this correspondence made it pos- 
sible to exactly reproduce the thermodynamical entropy 
of 2D black holes in terms of the degeneracy of states of 
a CFT. 

It is obvious that one would like to go beyond the semi- 
classical approximation, in order to see how the results 
of the semiclassical approach are modified in a full 2D 
quantum theory of gravity. This program has been pur- 
sued using a variety of methods |ll| but the results 
have been in some sense astonishing: the quantum theory 
forgets almost completely the richness of the structure 
of the classical and semiclassical theory. The spectrum 
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of the model (which in some cases is that of a CFT) is 
characterized only by two quantum numbers, which can 
be identified with the black hole mass and the constant 
mode of the dilaton. This feature appears even more puz- 
zling when compared with the results of the AdS2/CFTi 
correspondence [0, which predicts a huge degeneracy of 
states accounting for the thermodynamical entropy of the 
black hole. 

The purpose of this paper is to go a step further in 
this direction. We will quantize exactly a 2D dilaton 
gravity model. We will focus our analysis on matter- 
coupled dilaton gravity where the gravitational sector is 
given by 

S=± [ d?xV=g[<t>R+ XV (</>)], (1) 

and we choose an exponential dilaton potential V(<p) = 
const ■ e 27 ^ . We will approach the problem of the quan- 
tization of the model using nonperturbative methods. A 
natural way to introduce them is to relate the gravita- 
tional model to one of the several exactly solved quan- 
tum field theories in 1 + 1 dimensions. The Liouville 
field theory (LFT) turns out to be, not surprisingly, the 
right choice. Fixing the diffeomorphism invariance of the 
action (|l|) and using suitable field redefinitions, we will 
show that the gravity model is classically equivalent to a 
LFT plus a decoupled free scalar with wrong sign kinetic 
energy. 

We will then follow the common quantization proce- 
dure, imposing the positivity of quantum states energy 
(so, as usual in string theory, we will have ghosts in the 
spectrum). A consistent quantization can be performed 
provided the quantum anomaly vanishes. For this pur- 
pose, a simple mechanism may be used. It is well known 
that also at the classical level LFT has a central charge 
c 7 , depending on the parameter 7 appearing in the po- 
tential exp(2j(f>). In quantum LFT c 7 is shifted by 7 de- 
pendent quantum corrections Jl2| . It will turn out that 
this shift is crucial: fixing 7 properly, we can achieve a 
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vanishing total anomaly and remove the obstruction to 
quantization. If it were not for this shift, any depen- 
dence on the control parameter 7 would be lost and a 
nonvanishing anomaly would be unavoidable. 

In a sense our approach is similar to that used by 
David, Distler and Kawai in a different context In 
Ref. H the Weyl symmetry is used to determine the 
coefficients of a free action (the exponential interaction 
is canceled by fixing the cosmological constant of the 
string). Conversely, in this paper we will fix the param- 
eter 7 appearing in the dilaton potential in order to en- 
sure the conformal symmetry. It turns out that also in 
our case the whole theory, including matter fields, may 
be mapped onto a free field theory: a linear dilaton CFT 
(see for instance Ref. jl3]l ) with energy- momentum ten- 
sor given by 

T±± = -—. : d±X"d±X^ : +V^d 2 ± X p . (2) 
a 

In our case is determined by the dilaton gravity action. 

The theory described by (^) is not suitable as a string 
theory since the Lorentz invariance in the target space 
is explicitly broken by V^. This is not important in our 
context, since internal symmetries of the fields are not 
relevant for us. The quantization of the theory then fol- 
lows in a straightforward way. 

The structure of the paper is the following. In sect. 
II we introduce the gravitational model we are going to 
investigate, we discuss the classical equivalence to con- 
strained Liouville field theory plus a scalar free field and 
we calculate the central charge as a function of the pa- 
rameter 7. In sect. Ill we briefly remind some basic fea- 
ture of LFT and we map our model onto a linear dilaton 
CFT. In sect. IV the spectrum of the quantum theory is 
determined. Finally in sect. V we state our conclusions. 



II. THE GRAVITATIONAL MODEL 

Let us consider a general dilaton gravity model with 
N — 2 minimally coupled matter fields tfi, i = 3, . . . , N 
(N > 2, N < 14): 




XW((j>) 



L(v>i)(W0] > 



(3) 



where W{<f) (the dilaton potential), K(<fi) are functions 
of the dilaton and A and L are coupling constants. At 
the classical level, whereas the matter part of the action 
is both diffeomorphism and Weyl invariant, the gravita- 
tional sector looks invariant only under diffeomorphisms. 
However, it has been shown that also the gravitational 
sector is classically Weyl invariant |Q. Using this sym- 
metry, the action (||) can be transformed, by means of a 
dilaton-dependent Weyl rescaling of the metric, into the 
action (|j), with W((f>) = exp(/ dt/>K(<f>))V(<j>). Owing to 
the conformal anomaly, the extension of the Weyl sym- 
metry at the quantum level is in general problematic. 



But not in our case, since we tune to zero the confor- 
mal anomaly. (For the dilaton gravity model with an 
exponential potential we are considering in this paper, 
the quantum equivalence between the model (|^) (with 
K = const.) and ([!]) can be also established showing 
that both can be mapped into the action (||), see below). 

We fix the diffeomorphism invariance of the action (fil) 
by choosing the conformal gauge for the metric, 



ds 2 = e 2nfp(x) dx + dx- 



(4) 



where 7 is a real free parameter. A glance at the classi- 
cal theory may be useful. For the moment we consider 
only the gravitational sector, matter fields will be rein- 
troduced later. The equations of motion in the conformal 
gauge read: 



dV{4>) 



x 




d+d^4>{x) - ~e 2 ~< p WV((t>) = 

d 2 + (j) - 2jd + p(x)d + (/)(x) = 
d 2 _(t>-2 1 d- P {x)d^(t){x) = 0, 

where the last two equations are the constraints for the 
theory. Two choices for V((j>) lead to integrable models 
suitable for our purposes: V(tf>) = <fi and V(<p) = ae 21 ^ + 
2l<t ' 01 ■ The first case was considered in Refs. 
Classical solutions of the latter have been discussed 
Here we will focus on the second case. Later on, 
we will show that a quantum treatment of the model is 
not possible for generic values of a and j3. We choose 
a = 1 and (3 = 0. Setting k = irj, X = n/(8j) and 
performing the field redefinitions: 

^ = 2(p + 0) X = 2(p-0), 

action (||) in the conformal gauge (^) becomes: 

S = — f dx+dx- ( d+il>d-i> - d+xd-x + ~^e^ 
4tt J \ A^ z 



whereas the constraint equations are 



(5) 
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t±± = -\{d ± i>) 2 + -d 2 ± ^ - (-\{d ±x ) 2 + -d 2 ±X ) = 0. 

(6) 

The action (0) is invariant, up to boundary terms, 
under transformations of the conformal group in 
two dimensions, given in light-cone coordinates by 
x + — > w + (x + ), x~ — > w~(x~). Under these 
transformations the field x transforms as a scalar, 
whereas ip transforms as a Liouville field — > ip + 
( 1 h) \n[{dw+ /dx- ){dw-/dx-)}. 

The physical content of the 2D field theory we have 
obtained can be immediately read from Eqs. (|^) and 
(|J). It is given by Liouville theory for the field ip and 
one decoupled free scalar field x with wrong sign kinetic 
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energy. Both fields have an improvement term in the 
stress-energy tensor. Alternatively, one can see the the- 
ory as a conformally improved bosonic string in 2D target 
space, with one of the fields self-interacting. Of course 
this is just a way to describe our theory and clearly no 
Lorentz structure does exist in the "target space". The 
N — 2 matter fields tp can be straightforwardly introduced 
in the theory by adding to the previous Lagrangian the 
term d + ipid-tpi, i — 3...N, and to the stress-energy 
tensor the term — (1/2) (d±ipi) 2 (we fix for convenience in 
Eq. (|) L = 7/8). 



A. The conformal anomaly c(j) 

The quantization of the model (||) will be performed 
using the conventional quantization scheme, which pre- 
serves the Weyl symmetry. In this way we will have a 
contribution to the anomaly both from the gravitational 
and matter field sectors. A consistent quantization will 
require a cancellation of the two contributions. 

Two different approaches have been proposed in the 
literature to realize this cancellation: the 2D quantum 
gravity a la David, Distler and Kawai || and the string- 
inspired dilaton gravity of Cangemi, Jackiw et al. ]n| . 

In Ref. j^] the noncritical string theory is considered 
after Polyakov's famous paper on the geometry of the 
bosonic string |IJ . The string in d dimensions is viewed as 
a model of d free bosons coupled to 2D quantum gravity. 
In the functional integral it is assumed that the measures 
can all be made independent of the Liouville mode by a 
field transformation. The Jacobian so introduced is sup- 
posed to be the exponential of a Liouville action. From 
these assumptions it follows the Weyl symmetry of the 
theory, and this is sufficient to determine the unknown 
parameters of the model. This approach is consistent for 
d< 1. 

In Ref. [IHJ , the authors considered a 2D dilaton grav- 
ity model (Jl|) with V(<p) = <fi. In absence of matter fields 
the crucial problem of the cancellation of the quantum 
anomaly has been solved resorting to an unconventional 
quantization procedure. The action ([!]) is viewed as a 
theory of two free scalars with two constraints, where 
the kinetic energy terms of the two scalars have opposite 
sign. Usually both positive and negative kinetic energy 
scalars are quantized imposing positivity of the energy of 
the quantum states. This leads to negative norm (ghost) 
states for the scalar with wrong sign of the kinetic energy 
and to the same central charge (+1) for both scalars. 
In Ref. an opposite choice is made, positivity of 

the norm is required, leading to negative energy states. 
The two scalars contribute with opposite sign to the cen- 
tral charge and the total conformal anomaly cancels. Of 
course this method does not work when matter fields are 
present. 

In this paper we are considering, as in Ref. [ jlO| |, a 
dilaton gravity model, but we will use the conventional 
quantization procedure of Ref. |2j . Let us now evaluate 



the conformal anomaly for the model (g) as a function 
of 7. It is standard lore that a single scalar field if with 
action S = (1/8tt) / d 2 x y /\g\(d lJ ,ipd' 1 ip + (2/j)tpR) has a 
central charge c± — 1 ± I2/7 2 , depending on the sign 
of the kinetic energy term (the plus sign holds in the 
positive case). c+ is the classical central charge for LFT 
S = (1/4tt) Jdx+dx- (d + il>d-i> + (^/47pexp( 7 7/;)). At 
the quantum level this charge is shifted |12| : 



12 
— 2 



7 



12 
— 2 



7 



21 
2 



(7) 



It should be noticed that choosing a dilaton potential 
V(4>) = ae 27 * + /3e _27< ^, the central charges for ip and \ 
(the ghost field) would be shifted by opposite amounts 
so that the total anomaly would no longer depend on 7. 
Therefore, there is no way to get a vanishing anomaly. 
A dilaton gravity model with such a potential cannot be, 
at least using our scheme, quantized. 

Taking into account the shift (Q), the well-known con- 
tribution from the reparametrization ghosts, and from 
the N — 2 matter fields, the total central charge is: 



(N — 2) — 26 

2N 2" 



12 / 7 

= 3( 7 2 -4)+A-2 
It follows that 



12 

T 



+ (N- 2) - 26 



c( 7 ). 



0(7) = =>■ 7 = ± 



14- A 



(8) 



In the following only positive solution will be considered. 
Since 7 has to be real and non-vanishing, we find the 
upper bound N < 14. 



III. MAPPING ONTO A LINEAR DILATON 
CFT 

We are now in a position to consistently quantize our 
model. We have already pointed out that our theory de- 
scribes a Liouville field ip, a decoupled free scalar field \ 
with the wrong sign kinetic energy an N — 2 free scalar 
matter fields. The only (self-)interacting field is the Li- 
ouville field, whose energy momentum tensor is the same 
as a free field with a conformal improvement. From Eq. 
(||) it is easy to see that also the field x has an improve- 
ment. The energy momentum tensor for the quantum 
theory with N fields is therefore given by 



1 



(d±X) 2 + v^d 2 ± X»; 



1 Q 

7' 2' 



(9) 



where n = 0, 1, . . . , N - 1. X° is the field x, X 1 is 
the Liouville field ip and the remaining are the matter 
fields. Q — (2/7 + 7) an d v„ gives the conformal im- 
provements. For the fields (the "target space") we 
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are using the flat metric ?7 M „ = diag(— 1, 1, . . . , 1). The 
energy-momentum tensor (^) can be also derived from 
the action: 



S 



1 

8^ 



<Pxy/=g [d a X' i d a X ll - 2v fl X< l R) . (10) 



This action describes a linear dilaton CFT. This is a free 
field theory whereas the theory described by Eqs. 
and (||) is not. However, both theories have the same 
energy-momentum tensor and this property can be used 
to determine the spectrum of our model. Before doin g so , 
we will briefly remind some basic features of LFT |12], [19| , 
relying mainly on the picture proposed in Refs. pft |2l{| 
(see also Ref. ||^]). In this approach LFT is viewed as 
a mild generalization of the standard 2D CFT structure. 
The older approach to LFT (see e.g. Ref. Jl^|) is much 
more involved and cannot be used for our purposes. 



A. Liouville Field Theory 

LFT is quantized as a CFT generalizing the celebrated 
framework of Ref. p3|] , henceforth referred to as BPZ. 
The space of the states forms a representation of the Vi- 
rasoro algebra but, in contrast with the minimal model 
(BPZ scheme), the set of representations is continuous. 
This is due to the noncompactness of the space where 
the zero mode of the theory takes values. 

A two dimensional CFT is characterized by a corre- 
spondence between fields, i.e. local operators, and states 
p4j . The primary fields V a acting on the SL(2,C) in- 
variant vacuum |0) generate the highest weight states of 
the Virasoro algebra. The descendant fields (states) are 
defined by the action of the energy-momentum tensor 
T(w) (Virasoro modes L n ) on the primary fields (highest 
weight states). The theory is fully specified by vacuum 
expectation values (VEV) of the form: 

N M R 

(oi n T( Wp ) n T(w q ) n v ar ( Zr , *oio>. (n) 

p— 1 9—1 r—l 

LFT fits into this general scheme but there are some sub- 
tleties. If the central charge is given by c = 1 + 3Q 2 (in 
our case Q = 2/7 + 7), then e°"^ are spinless primary 
fields with conformal dimension 



A(e^) = ±a(Q - a). 



(12) 



The correspondence exists only in the region 
< »(a) < ^. 

A scalar product can be defined for states defined as 
usual by lim 2 ^o 1 i / a(-2 ; )|0), if a is given by 

a = I + iP, 



where P is real (we can take P > 0). As a consequence, 
using Eq. ( |l2| ) we find that a state \a > has a conformal 
dimension A(P) = Q 2 /8 + P 2 /2. The Hilbert space the 
theory is given by 



0Vir 

P>0 



A(P) 



Vir 



A(P), 



(13) 



where (J) P>0 is the direct sum over P > and Vir^(p) 
are irreducible representations of the Virasoro algebra of 
highest weight A(P). 

From Eq. ( |T~3| ) it is evident that, paradoxically, the 
vacuum |0) does not belong to the Hilbert space. Never- 
theless the state-operator correspondence and VEV ( pT| ) 
still make sense. Owing to the CFT structure of LFT it 
is in principle possible to reconstruct all correlation func- 
tions starting from the three-point function, whose exact 
expression is given m Ref. [BO . VEV are obtained by 
suitable analytical continuations summing over interme- 
diate states |G2|. 



B. The quantization of the linear dilaton CFT 

We have already shown that our dilaton gravity model 
has the same energy-momentum tensor of a linear dilaton 
CFT. The spectrum of the theory can be found by quan- 
tizing a sort of bosonic string with N bosons X^. The 
energy-momentum tensor and the action being given by 
Eqs. (^) and Jlo|). We can simply follow the steps that 
are usual for the critical bosonic string, taking into ac- 
count i) the presence of a conformal improvement and 
ii) the previously discussed structure of LFT. Concern- 
ing point ii), we take a ground state (oscillatory vacuum) 
\p; 0) of momentum p with component (p 1 ) 2 > Q 2 /&■ 

We follow the conventions of Ref. |25[ . The world- 
sheet is parametrized by (t, a), —00 < t < 00, < 
a < 7r and we use periodic boundary conditions. The 
modes for right (ct^) and left (a^) movers are indepen- 
dent. The commutation relations are as usual \a^, a"] = 

m =/= are given by: 

1 \ - 



The Virasoro operators for 



1 



(14) 



Here, and in the following the expressions for the left 
modes operators are obtained substituting a„ — > a n . 
The normal ordered expression for Lq is: 



in 



The Hamiltonian is H = Lq + Lq. The normal order- 
ing constant a in the mass-shell conditions (Lq — a)\(jj) = 
(Lo — a) \<f>) = and the conformal anomaly are deter- 
mined in a well-known way. From the relations for integer 
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[(N + I2v 2 )m 3 - Nm] + 2ma + - (m - 13m 3 ) = 0, 
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we read 



26 -N 
12 ; 



N-2 
24 



(15) 



As expected, the first equation above is the same as Eq. 
(||). From Eq. ([l5|) it follows immediately that in the 
absence of matter fields (N = 2) the ground state is 
massless (a = 0). If matter fields are present ( 3 < N < 
14) the ground state is tachyonic (a > 0). 



IV. THE SPECTRUM OF THE MODEL 

Let us now construct explicitly the spectrum of our 
model. We will first consider the case in which matter 
fields are present, N > 3. In this case, we can generate 
the spectrum and prove the unitarity of the theory, using 
a spectrum-generating algebra. This can be done adapt- 
ing to our case the Brower construction |Q , a version of 
the covariant formalism of Del Giudice, Di Vecchia and 
Fubini |27[| (see also Ref. j25|) used to prove the no-ghost 
theorem for the bosonic string. 

We consider only the right movers sector (our results 
can be immediately extended to the left movers sector). 
We want to construct a spectrum generating set of op- 
erators commuting with the Virasoro generators L m . 
Starting from the right moving solution at a = 



K(t) = ^ + -Tp" 



2 ^ n 

n#0 



-2inr 



we first construct primary fields of conformal dimension 1 
from the vertex operators V(k, r) =: A • X R exp(ikX R ) :, 
where A is a proper polarization vector. Using Eq. (IT}) 
we find: 

[L m , : A ■ X R e lkx ^ :] = 

■~+m(l + ¥--ik.v)\ :\.X R e ikX ": 



JkX R (r) 



(16) 



Let us now take k lightlike and orthogonal to v. This is 
always possible since from Eq. ( fllf ) it follows that v is 
spacelike. It is convenient to use light-cone coordinates 
X» = (X+,X-,X i ) with X^Y^ = -X+Y- - X-Y+ + 
X l Y % . By means of a Lorentz rotation, we are free to take 
Vfj, = (0, 0,v, . . . , 0), where u M t> M = v 2 . The kinematical 
setup is fixed as follows. The ground state momentum 
Pq in |po; 0) can be chosen such that Pq = (—2, 0,(3,...), 
/3 2 = 8a. The k in V(k,r) is k n = (0,-2n,0) for integer 
n. k\ — 0, kl^Vfi = 0. At the level n the mass-shell 
condition is satisfied: (p + k n ) 2 + 8(n — a) = 0. 

Let us first construct the operators that generate states 
describing excitations of the matter fields (N > 4) . If A* 
is a vector pointing in the i direction, we can find N — 4 
operators, 



V l (k n ,r) =: X i ■ X R e 



ik n Xj- 



i > 4, 



(17) 



which, from Eq. (|16j), satisfy the commutation relations 

i d 



[L mi V\k ni T)]=e 



2irnr 



2dT 



+ m)V l (k n ,T). (18) 



The operators of the spectrum-generating algebra A£ are 
easily found to be 



A<1 = - 



Due to the kinematical setup, the vertex operators 
are periodic with period n. It follows that for i > 4, 
[L m ,Ai] = 0. 

For i — 3 a compensating term has to be added to the 
expression (p"7|), since A 3 • v ^ (see Eq. (|l6|)). The form 
of this term is well known [|26| . If v is the unit vector in 
the direction v^, we have 



ik n Xf 



V 6 {k n ,r) =: v ■ Xj^e 1 : +v— (\nk n ■ X R )e 

dr 

so that V 3 satisfies Eq. (|l^) and consequently A^ com- 
mutes with L m . 

Let us now construct the operators A^ and A~ , which 
generate states describing excitations in the ± directions. 
From the equation V + (k n ,T) = X^exp(ik n X R ), it fol- 
lows that A+ is trivial, A+ = (1/tt) J? V + (k n . t) = 
p + /2 = — 5 n . On the other hand V~ can be defined 
as 



V~(k n ,T) =:X^e 



ik n Xrt 



±in-£- (In k n -X R )e ik * x *. 



We have completed the construction of the spectrum- 
generating operators A^. They satisfy the algebra, 



[A i m) Ai] = m^8^ 
[A m >A 3 n ] = ~nA % n+ , 

[A m ,A-] = (m-n)A 



i,3 > 3 
i > 3 

ivn 2 S n+m 

2m 3 8, 



nA-m 



(19) 



Notice that the matter fields act as transverse "string" 
oscillators. As usual, instead with A~ it is convenient to 
work with the operators 



oo N-2 



a: 



A; 



- V V • A 1 A 1 



I? 



P— — OG i—1 



The operators A n commute with A l m , by definition they 
annihilate the oscillator vacuum, 

iobo;0)=0. (20) 

Furthermore A~ obey a Virasoro algebra: 

[^m> = {m — n )A m+n . 

We have successfully completed our task of finding the 
spectrum of the model we are considering. From the 
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algebra ([l9]) it follows that for N > 3 the spectrum is 
that of a bosonic string oscillating in a target space with 
N — 2 transverse direction. The gravitational sector is 
decoupled from the matter field sector. Eq. j2C| ) implies 
that the states of this sector have zero norm, as expected 
for pure gauge states. 

Until now we have considered only the case when mat- 
ter field are present (N > 3). If matter fields are absent 
(N = 2), we cannot use the previously explained con- 
struction. However, in this case all the excitation are 
pure gauge and it is evident that the Hilbert space con- 
sists of the ground state whereas all the excited states 
have zero norm. This conclusion is consistent with the 
results for pure (Jackiw- Teitelboim) dilaton gravity ob- 
tained in Ref. fllPl , using a different approach. 

V. CONCLUSIONS 

In this paper we have consistently quantized a model 
of matter-coupled dilaton gravity in two dimensions with 
exponential dilaton potential. A vanishing conformal 
anomaly has been achieved by tuning a parameter in the 
dilaton potential. The quantization has been performed 
by mapping the theory first onto a field theory with a 
Liouville interaction and then onto a linear dilaton CFT. 
The spectrum has been determined in a a straightfor- 
ward way, analogous to that used for the bosonic string 
in critical dimensions. 

We have found that the ground state is tachyonic (or 
massless in absence of matter). The spectrum has two 
decoupled sectors: the gravitational sector made of pure 
gauge, zero norm states and the matter field sector de- 
scribing transverse physical excitations. This result con- 
firms previous results jlO| about quantization of pure 
dilaton gravity models. 

The theory has a free field spectrum but it is not trivial, 



since as far as correlations are concerned, it has at least 
the same complexity as LFT. With our approach, estab- 
lishing the equivalence with a sort of critical string, we 
have succeeded in what seems difficult using other meth- 
ods: the quantization of matter- coupled dilaton gravity. 

At first sight for pure 2D dilaton gravity our results 
seem to contradict the results of Ref. . In that paper 
the authors have shown, using path integral quantiza- 
tion, that for all 2D dilaton (pure) gravity models the 
quantum effective action coincides with the classical one. 
However, it is not difficult to realize that the results of our 
paper and those of Ref. [^8| are not necessarily in con- 
tradiction. Using our approach we can make statements 
only about the spectrum not about the correlation func- 
tion of the model, so that we cannot say anything about 
the quantum effective action. Moreover, as long as the 
spectrum is concerned, for pure gravity our result is the 
same as that of Ref. p§] : the theory is locally trivial also 
at the quantum level, all the local excitations are pure 
gauge. 

As a final point, we observe that the rich structure ex- 
hibited by the semiclassical analysis of 2D dilaton gravity 
has disappeared. The requirement of vanishing anomaly, 
i.e. the criticality of the theory, washes out the semiclas- 
sical structures. The gap between the semiclassical and 
the quantum theory has still to be filled. We believe this 
can be done only going off-criticality. In this way the 
theory would be equivalent to a noncritical string and 
needless to say would present severe difficulties. 
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